Abstract. An outstanding conjecture on roots of Ehrhart polynomials says that all roots α of the Ehrhart polynomial of an integral convex polytope of dimension d satisfy −d ≤ ℜ(α) ≤ d − 1. In this paper, we suggest some counterexamples of this conjecture.
Introduction
Recently, on many papers, e.g., [1] , [2] , [3] , [4] and [7] , the root distributions of the Ehrhart polynomials have been studied intensively. In particular, one of the most significant problems is to solve the conjecture given in [1, Conjecture 1.4]. However, it will turn out that this conjecture is not true.
First of all, we review what the Ehrhart polynomial is. Let P ⊂ R N be an integral convex polytope of dimension d and ∂P its boundary. Here an integral convex polytope is a convex polytope all of whose vertices have integer coordinates. Given positive integers n, we write i(P, n) = |nP ∩ Z N |, i * (P, n) = |n(P \ ∂P) ∩ Z N |, where nP = {nα : α ∈ P} and |X| denotes the cardinality of a finite set X. The systematic studies of i(P, n) originated in the work of Ehrhart [5] , who established the following fundamental properties:
• i(P, n) is a polynomial in n of degree d. (Thus, in particular, i(P, n) can be defined for every integer n, more generally, for every complex number n.)
We call this polynomial i(P, n) the Ehrhart polynomial of P. We refer the reader to [6, Part II] and [10, pp. 235-241] for the introduction to the theory of Ehrhart polynomials. We define the sequence δ 0 , δ 1 , δ 2 , . . . of integers by the formula
Since i(P, n) is a polynomial in n of degree d with i(P, 0) = 1, a fundamental fact on generating functions ([10, Corollary 4.3.1]) guarantees that δ j = 0 for every j > d.
The sequence δ(P) = (δ 0 , δ 1 , . . . , δ d ) is called the δ-vector of P. By the reciprocity law, one has
The following properties on δ-vectors are well known: 
It is proved in [1] that this conjecture is true when d = 2 and when roots are real numbers and it is also proved in [4] that this is also true when d = 3, 4 and 5. Moreover, in [3] , the norm bound of roots of the Ehrhart polynomial is given with O(d 2 ). In [7] , for observing that this conjecture seems to be true, roots of the Ehrhart polynomials of several integral convex polytopes arising from finite graphs are discussed by using the languages of graph theory.
In this paper, we show that Conjecture 0.1 is not true. (See Example 2.1.) We can obtain many possible counterexamples by Theorem 1.1 and we can find them for the first time when d = 15.
An important family of integral simplices
This section is devoted to proving the following Theorem 1.1. Let m, d, k ∈ Z >0 be arbitrary positive integers satisfying
Then there exists an integral convex polytope whose Ehrhart polynomial coincides with
1.1. How to compute the δ-vector. Before proving the theorem, we recall from [6, Part II] the well-known combinatorial technique how to compute the δ-vector of an integral simplex.
Given an integral d-simplex F ⊂ R N with the vertices v 0 , v 1 , . . . , v d , we set
Then one has
Each rational point α ∈ C has a unique expression of the form
, where each r i ∈ Q with 0 ≤ r i < 1. We define the degree of an integer point (α, n) ∈ C with deg(α, n) = n. Lemma 1.2. Let δ i be the number of integer points α ∈ S with deg α = i. Then
1.2.
A proof of Theorem 1.1. We also recall the following well-known Lemma 1.3. Suppose that (δ 0 , δ 1 , . . . , δ d ) is the δ-vector of an integral convex polytope of dimension d. Then there exists an integral convex polytope of dimension d+1 whose δ-vector is (δ 0 , δ 1 , . . . , δ d , 0). Now, we come to prove Theorem 1.1. Since we have
it is sufficient to show that there exists an integral convex polytope P of dimension d whose δ-vector coincides with
When k = 1, it is obvious that (1, m, 0, . . . , 0) is a possible δ-vector. Thus, we assume that k ≥ 2. In addition, by virtue of Lemma 1.3, our work is to find an 
where there are c 1's and c m's in the dth row. Then we notice that vol(P) = m + 1, which coincides with the determinant of (4).
For j = 1, 2, . . . , m, since
Lemma 1.2 guarantees that δ c+1 ≥ m. Moreover, thanks to vol(P) = m + 1 together with the nonnegativity of δ-vectors, we obtain δ (d+1)/2 = m. Therefore, we can conclude that P has the required δ-vector.
Counterexamples of Conjecture 0.1
In this section, we consider the roots of the polynomial (3) with positive integers m, d and k satisfying (2).
Let f (n) be the polynomial (3) in n of degree d. Since
(n − j) , −1, −2, . . . , −d + k are always the roots of f (n). Hence, we consider the roots of g m,d,k (n) with positive integers m, d and k satisfying (2), where g m,d,k (n) is the polynomial
in n of degree k. 
